Since Sen's seminal article in 1976, it is very known that every poverty measure should be sensitive to the three components of poverty: incidence, intensity and inequality. The paper concentrates on the poverty measure proposed by Kakwani. If the Kakwani index is normalized, an ordered weighted averaging (OWA) operator is obtained. The dual decomposition of the OWA operator into the self-dual core and anti-self-dual remainder allows us to propose a decomposition for this poverty index. Moreover, the inequality term obtained will measure the income inequality and gap inequality of the poor equally.
Introduction
All along, the reduction of poverty has been one of the main purpose of government. To be able to evaluate the efficacy of a poverty-reducing policy, we need a metric that allows both poverty computation and the analysis of its evolution over time. Sen [20] argues that any poverty measurement consists in solving two distinct problems: the identification of the poor in the society and the aggregation of the information about poverty in a summary statistics. The identification of the poor is done by considering an income threshold, the so-called poverty line. The individuals below the poverty line are considered as poor and the others as non poor. For Sen [20] the aggregation step essentially consists on choosing an appropriate poverty measure that combines what Jenkins and Lambert [13] call the three I of poverty: incidence, intensity and inequality among the poor. In conclusion, any poverty measure should be a function of the number of poor people in the society, the incidence, to the extent of the shortfall of the poor, the intensity, and should take into account the inequality among the poor.
Since the seminal work of Sen [20] , a great number of poverty measures accounting for the three I has been introduced in the literature. 1 In addition, different poverty decompositions have been proposed for the same poverty index. In particular, the inequality among the poor component could refer to the inequality of the income of the poor or to the inequality of the gap of the poor. In the measurement of inequality, the Pigou-Dalton principle plays a crucial role. The axiom requires that a transfer of income from a poor individual to a richer one entails an increase in the inequality among the society. This axiom could be interpreted as the counterpart of the Sen's [20] Transfer axiom which demands that a regressive transfer of income, a transfer from a poorer to a richer, between poor individuals must increase the level of poverty. However, a regressive transfer of income could be also interpreted as a regressive transfer of gap. That is, a transfer of income from a richer to a poorer on incomes entails a transfer of gap from the poorer on incomes to the richer on gaps. In addition, if we focus on shortfalls the richer on incomes is now the poorer on gaps and the poorer on incomes is the now richer on gaps. As a consequence, a poverty measure should increase independently to how the inequality component involved in the decomposition is defined, in terms of incomes or shortfalls. However, the choice between income and shortfall inequality is not innocuous. Moreover, different choices between income and gap may lead to contradictory results.
A similar problem arises in other economic fields in which bounded variables are involved. In recent years, several scholars tried to impose properties to ensure robust measurement. For instance, Lambert and Zheng [17] introduced a consistence property ensuring that achievement and shortfall inequality ranking should not be reversed. In the other hand, Erregers [7] proposes a strongest form, defining perfect complementary indicators as those indicators that measure income inequality and shortfall inequality equally. Finally, Lambert and Zheng [17] and Lasso de la Vega and Aristondo [18] , [2] propose a unified framework in which income and shortfall distributions can be jointly analyzed.
Following this literature, we propose two alternative decompositions for the Kakwani poverty index [16] in terms of the three components of poverty. Firstly, we review the existing decomposition of Kakwani index in terms of the inequality of incomes. Then, we propose a new decomposition in terms of the inequality of gaps. Unfortunately, we obtain contradictory results for inequality of incomes and gaps. To avoid the possible misunderstandings, besides these two decompositions, we propose an additional decomposition for the Kakwani poverty index, where the third component related to the inequality among the poor is a perfect complementary index. We will reach this new decomposition using ordered weighted averaging operators, hereafter OWA operators, as in Garcia-Lapresta et al. [11] and Aristondo et al. [1] . We prove that the Kakwani poverty index could be interpreted as an OWA operator. By consequence, we can apply the dual decomposition of aggregation function into dual core and anti-self dual remainder proposed by Garcia-Lapresta and Marques Pereira [10] . In particular, we show that the dual core and anti-self dual remainder can be reinterpreted as a measure of the intensity of poverty and the inequality among the poor, respectively. In addition, the anti-self duality of the remainder will force the remainder to be a perfect complementary indicator, that is, an inequality measure that measures equally the inequality of income and the inequality of gap. These poverty components will allow policy makers to determine the increase or decrease of poverty and the sources of this changes in a consistent way.
The rest of the paper is organized as follows. Section 2 presents basic notations for the poverty measurement. A definition of the Kakwani poverty index as well as its preliminary decompositions completes section 3. A description of the OWA operator and its properties are provided in Section 4. The section also includes the definition of the self dual core and the anti-self dual remainder. Our proposal for the decomposition of the Kakwani poverty index based on incidence, intensity and inequality concludes the section. In Section 5, an empirical application for some European countries using EU-SILC data for some years is carry out. Finally, Section 6 is devoted to concluding remarks.
Notations and definitions
In what follows, we introduce basic notations and definitions used in poverty measurement. Points
n , x ≥ y means x i ≥ y i for every i ∈ {1, . . . , n}, and x > y means x ≥ y and x = y. So doing, x represents the income distribution vector of a population of n ≥ 2 individuals such that x i stands for the income of i−th individual. The set of income distributions is [n] denote the non decreasing and nonincreasing rearrangement of the coordinates of x, respectively. In particular, x (1) = min i {x i } = x [n] and x (n) = max i {x i } = x [1] . A permutation σ on {1, . . . , n} is denoted as x σ = (x σ(1) , . . . , x σ(n) ) and the arithmetic mean as µ(x) = (x 1 + · · · + x n )/n.
As defined by Sen [20] , the analysis of poverty involves two steps: the identification of the poor and the aggregation of their individual poverty levels into a composite poverty measure. The identification requires the choice of a poverty line z ∈ (0, ∞) that establishes a cut-off point for poor and non poor. An individual i is identified as poor if x i < z and as non poor if x i ≥ z. 2 We denote by q = q(x, z) the number of the poor people in the society. For a distribution x, we define the poor distribution and its mean as, x q = (x (1) , . . . , x (q) ) and µ(x q ) = (x (1) + · · · + x (q) )/q, respectively. The second step, the aggregation, assigns a numerical value to each distribution that determines the overall level of poverty. That is, a poverty measure is a non-constant function P : D × [0, ∞) → R whose value P (x, z) denotes the degree of intensity of the poverty associated with an income distribution x and the poverty line z.
Poverty measures
The headcount ratio is the first poverty measure introduced in the literature. It is defined as the ratio between the number of poor people q and the population size n
It ranges from zero to one, nobody is poor and everybody is poor, respectively. This poverty measure satisfies focus, replication invariance and symmetry axioms. 3 However, it violates both monotonicity and transfer axioms. 4 In conclusion, this measure does not capture neither the intensity of the poverty nor the inequality among the poor.
With the intention of measuring the intensity of the poverty the normalized poverty gaps are introduced. For incomes that are below the poverty line, the normalized gap is the relative distance between the income value and the poverty line and for incomes above, it is zero. Formally:
We denote the censored normalized income gap vector as g = (g 1 , . . . , g n ) and the normalized gap vector of the poor as g q = (g 1 , . . . , g q ). If we compute 2 Donaldson and Weymark [4] define two different ways to identify the poor: the weak and the strong definition. In particular, we use the weak form.
3 Focus axiom demands independence of the index from the non-poor people. Replication invariance axiom claims that replications of the distribution do not change the index value and the symmetry axiom entails that the name and the position do not matter. 4 Monotonicity axiom requires an increase in poverty with a reduction in the income level of a poor individual. Transfer axiom states that a poverty measure decreases with a (progressive) transfer of income from a poor to another poorer individual.
the mean of the normalized gap vector of the poor, we obtain another very extensively used measure of poverty, the so-called Income gap ratio, M , and defined as:
where g [1] ≥ · · · ≥ g [q] and
However, this index does not reflect the inequality among the poor. In addition, even if the poverty gap measure satisfies monotonicity axiom, it violates transfer axiom. Therefore, this measure does not take into account the inequality component.
To avoid the lack of sensitivity to inequality among the poor, Sen [20] proposes a new poverty measure. The particularity of this measure is that it places greater weights for poorer individuals.
Definition 1 The Sen Poverty index
(
Sen also proves that the poverty measure (1) may be also formulated in terms of the normalized poverty gap M (x, z), the Headcount ratio H(x, z) and the Gini measure of inequality G(·) as follows:
or alternatively:
where G(x p ) and G(g p ) are the Gini coefficient of the distribution of incomes and gaps, respectively. Equation (2) and (3) show that Sen index can be written in terms of the three components of poverty where the inequality components are measured in terms of incomes or gaps, respectively. However, Kakwani [16] retains that a poverty measure should be also sensitive to the absolute rank of the individuals involved in any income transfer. In other words, given a fixed difference of amount of income between any two poor individuals and a fixed amount to transfer, then the effect on the poverty index of the transfer must be larger to lower is the income of the pair involved. This property is the main motivation for the formulation of the Kakwani's parametric family also known as Kakwani poverty index.
Definition 2 (Kakwani poverty index) The Kakwani Poverty index
where k is the poverty aversion and
Originally, the Kakwani Index was formulated by Nanok C. Kakwani [14] to measure the progressivity of tax systems. It ranges from -2 to 1. A negative value occurs if the financing source is regressive; a positive one if it is progressive, and a value equal to zero states a proportional financing source. In this case it represents the difference between the concentration index of health care payments and the Gini index of health care payments and the Gini index of income distribution. In addition, it found several applications such as the study of equity in health care expenditures.
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Since K k (x, z) depends also on k that represents the number of people among the poor with income high at least as i, usually literature refers to it as the Kakwani's parametric family. 6 For k = 0 it reduces to the so-called Poverty gap ratio, defined as the product between the Headcount ratio ,H(x, z), and the Income gap ratio, M (x, z), as:
. This measure only reflects the incidence and the intensity of poverty and it is insensitive to the inequality among the poor. For k = 1, Kakwani's index reduces to the Sen poverty index (1) , that is:
In literature, there is an additional formulation for the Kakwani's parametric family that involves the Headcount ratio, the Income gap ratio and a measure of inequality.
Proposition 1 The Kakwani's parametric family can be decomposed as follows
where
is an inequality measure of the income of the poor: Kakwani [16] .
Proof 1 The proof is provided in
This inequality measure satisfies Pigou dalton principle, normalization, symmetry and replication invariance axioms.
7 Following this result, we propose an alternative decomposition for Kakwani index in terms of the inequality of the gap of the poor.
Proposition 2 Kakwani index can be rewritten as follows:
is an inequality measure of the gap of the poor:
are the poor gaps in the distribution g.
Proof 2
To show that the decomposition holds, we rewrite K k (x, z) in terms of the gap:
Using both definition of H and M and some manipulations, we get:
that completes the first part of the proof.
To prove E kg (g p ) is an inequality measure satisfying Pigou dalton principle, normalization, symmetry and replication invariance axioms is straightforward.
This inequality measure also satisfies the Pigou dalton principle, normalization, symmetry and replication invariance axioms.
Remark 1 E k (x p ) and E kg (g p ) are related by the following relationship:
However, as already mentioned, the choice between the inequality index of the poor incomes and the poor gaps is not innocuous. The following example may better illustrate this problem. 
In the following section, we propose an alternative decomposition of the Kakwani index, based on OWA operators, that overcomes the lack of consistency shown before.
4. An alternative decomposition using OWA operators
Definitions
We summarize basic notations on aggregation functions, OWA operators and their decompositions into the self-dual core and the anti-self-dual remainder.
We restrict the domain to 
On the other hand, A is stable for translations if A(x + t · 1) = A(x) + t, for all t ∈ R and x
∈ [0, 1] n such that x+t·1 ∈ [0, 1] n .
A is invariant for dilations if A(λ · x) = A(x),
for all λ > 0 and
A is S-convex if A(y) < A(x), for all x, y ∈
[0, 1] where y is obtained from x by a progressive transfer.
Definition 4 Let {A (k) } k∈N be a sequence of functions, with
A (k) : [0, 1] k −→ R and A (1) (x) = x for every x ∈ [0, 1]. We say that {A (k) } k∈N
is invariant for replications if it holds that
for all x ∈ [0, 1] n and any number of replications m ≥ 2 of x.
Definition 5 A function
A : [0, 1] n −→ [0, 1
] is called an n-ary aggregation function if it is monotonic and A(0) = 0, A(1) = 1. An aggregation function is said to be strict if it is strictly monotonic.
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Following García-Lapresta and Marques Pereira [10] we know that every aggregation function is compensative. However, in general, aggregation functions don't satisfy neither self-duality nor anti-selfduality properties. Nevertheless, self-duality, antiself-duality and stability for translations are important properties of aggregation functions and will play an important role in this paper.
Dual decomposition and OWA operators
Any aggregation function A can be decomposed as the sum of a self-dual function and an anti-self-dual function, defined as follows:
are called the core and the remainder of the aggregation function A, respectively.
A is self-dual and it is called the self-dual core of the aggregation function A. Note that A is also an aggregation function since A(0) = 0, A(1) = 1 and A satisfies monotonicity. On the other hand, A is called the anti-self-dual remainder of the aggregation function A and it satisfies the anti-self-duality property. However, it is not an aggregation function since A(0) = A(1) = 0. It is easy to prove that −0.5 ≤ A(x) ≤ 0.5 for every x ∈ [0, 1] n . 
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Remark 2 Every aggregation function can be decomposed as the sum of the self-dual core, A, and the anti-self-dual remainder, A, that is A(x) = A(x) + A(x). The self-dual core A is also an aggregation function and inherits from the aggregation function
where [10] show that the self-dual core and the anti-selfdual remainder of an OWA operator can be defined in the same way as follows:
Remark 3 García-Lapresta and Marques Pereira
In particular, The self-dual core A w is an OWA operator since n i=1 (w i + w n−i+1 )/2 = 1 . However, the anti-self-dual remainder A w is not an OWA operator since A w is not an aggregation function and n i=1 (w i − w n−i+1 )/2 = 0.
A decomposition of Kakwani index
To introduce an alternative decomposition of Kakwani index using OWA operators, we need to rewrite the Kakwani index as follows:
The following proposition proves that the term multiplying the Headcount ratio, A k (g p ), corresponds to an OWA operator that satisfies several axioms.
Proposition 3 The function
A k : [0, 1] q −→ [0, 1
] applied to the normalized poverty gaps,
is an OWA operator. In addition, it satisfies continuity, idempotency (hence, compensativeness), symmetry, strict monotonicity, stability for translations and strict S-convexity.
Proof 3 Firstly, since K is a continuous function
A k also satisfies continuity. Secondly, since Using the definition of the self-dual core and the anti-self-dual reminder of A k we propose an additional decomposition of the Kakwani poverty index in terms of the three components of poverty. The following proposition formalizes our intuition.
Proposition 4 The Kakwani poverty index can be decomposed as follows:
Proof 4 Since w
Note that for k = 1 the self-dual core of A 1 is the mean of the normalized poverty gap vector, A 1 (g p ) = µ(g p ) and the anti-self-dual reminder of A 1 is the absolute Gini index of the normalized poverty gap vector multiplied by q/(q + 1), that is A k (g 1 , . . . , g Hence, Proposition 4 shows that Kakwani index can be decomposed into the three components of poverty. The Headcount ratio H is a measure of the incidence of poverty. The intensity of poverty as the poverty depths of poor individuals in the society is summarized by the A k . Finally, the inequality of the poor gap distribution is captured by the dispersion measure A k , which provides the sensitivity to the inequality among the poor. As mention, the inequality among the poor refers to the inequality of the poor gap distribution. The following proposition shows that the inequality component A k is consistent with respect to incomes and gaps, since it measures equally the inequality of incomes and gaps.
Remark 4 By Proposition 3 and Remark 2,
Proposition 5
For the inequality measure A k , the following equivalence holds:
As above mentioned, the main result of proposition 5 is that the inequality component of the Kakwani index measures income and gap inequality equally. Last proposition shows the invariance properties that are satisfied by the inequality measure A k defined before.
Proposition 6
The inequality measure A k is invariant for translations and stable for dilations.
Proof 6 The proof is straightforward.
That is, the A k component remains invariant if the gaps of all the poor individuals are increased by the same amount. Hence, A k can be considered an absolute inequality measure.
Empirical findings
In this section, we illustrate the different decompositions for the Kakwani poverty index proposed in previous sections, using European Union Survey on 11 Finally, we fix the poverty line z to the 60 percent of the median national equivalent household income in each year.
12 Using this definition of the poverty line, a person is considered poor if he lives in a household who income is below this threshold. To allow cross-section comparisons for the two periods, namely 2005 and 2009, all the monetary values are converted into Purchasing Power Standards (PPS), in order to account the differences in the purchasing power of different national currencies. 13 Of course, this only affects on the mean income of the poor people and the poverty line, since all the poverty and inequality indices are scale invariant. Table 1 and Table 2 show the results for 2005 and 2009 for four EU countries, namely Germany, Hungary, Latvia and Lithuania. We have chosen these countries because we think that they present controversial results and they are of particular interest to show our contributions. Table 1 shows  the incidence, intensity and poverty results between  2005 and 2009 for Germany, Hungary, Latvia and Lithuania. The first two columns list the poverty line z and the Headcount ratio,columns 3, 4 and 5 show the poverty measures of Kakwani for k = 1, k = 2 and k = 3. In addition, the last three columns report the intensity components for the proposed three decompositions. On the other hand, in Table 2 we can observe the corresponding inequality components for every inequality decompositions.
If we focus on Table 1 and we look at Germany and Latvia, we have higher values on poverty in 2009 than 2005 for the computed three Kakwani poverty measures. If we focus on the three poverty components, we can also observe higher levels of incidence and intensity in 2009. With respect to the inequality 11 To move from the household level to the individual ones, we use as equivalence scale the square root of the number of individual in each household. 12 We observe that fixing the poverty line as a function of the distribution is not innocuous. In fact, this implies the violation of the Focus Axiom. However, this is the usual way to determine the poverty line when real data are involved. 13 Including those countries that share a common currency, for example the Euro.
components, Germany displays more poor inequality on incomes in 2009 but less poor inequality on gaps. However, the consistent indices introduced in this paper allow us to conclude that the inequality of the poor has increased in this period for Germany. On the other hand, Latvia shows lowest values in gap inequality for 2009 but nothing can be concluded for the inequality of incomes, contradictory results are obtained for the three inequality components. Also in this case, if we focus on the three corresponding consistent inequality components, inequality decreases from 2005 to 2009 for any inequality measure both if we focus on incomes and on gaps. Now, if we have a look to Hungary and Lithuania, the Headcount ratio and the three Kakwani poverty measure decrease in this period. However, analyzing Hungary's and Lithuania's poor inequality in the two years, opposite results are reached when comparing the poor inequality respect to incomes and gaps. In particular, we obtain lower values for all poverty indices in 2009 than in 2005. We conclude that the inequality of the income distribution of the poor falls for Hungary and Lithuania. However, the trend is reversed if we switch to gaps as the variable of interest. Also in this last case, looking at the consistent indices, we can affirm that inequality among the poor decreases in Hungary and Lithuania between 2005 and 2009.
Concluding remarks
The recent literature on poverty measurement stresses the importance for a index to account for Intensity, Incidence and Inequality. In this paper, we propose alternative decompositions for the Kakwani Poverty Index in terms of the above mentioned components. We have shown that an order weighted averaging operator is underlying in the definition of the Kakwani index. The properties inherited in the proposed decomposition allow us to obtain an inequality component that measures income inequality of the poor and gap inequality of the poor equally. The illustration using EU-SILC data for 2005 and 2009 for 26 European countries shows the gripping ability of our decomposition. Since the decomposition we propose allows for consistent inequality component for the inequality among the poors, we believe that it could be a good instrument for policy 
